


	EQUILIBRIUM AND MARKET CLEARING, STABILITY AND BIFURCATIONS, IN ECONOMIC THOUGHT
ABSTRACT: We compare and contrast business cycles and fluctuations. Our discussion is filtered through the treatment of four models offered by Jump & Stockhammer (2023). We conclude that two of them are market equilibrium models with potential fluctuations while two are models of cycles.             
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1. INTRODUCTION
‘Equilibrium is blither’, JM Keynes famously proclaimed and stirred up a hornet’s nest  for future scholars who were to grapple with a short-run equilibrium where markets, notably the labor market, did not clear, and a long-run equilibrium where, as famously, everybody was dead. At a different remove is general equilibrium where markets clear. The conditions for stability of the equilibrium are specified. Fluctuations in time around a dynamic equilibrium path are permitted. Quite separately, the business cycle, traditionally, was a separate field of enquiry with pure theorists on the one hand and great miners of masses of empirical and historical data on the other. Scholars of the long cycle are clear and separate from the purview of the subject under review. The word suggests regularity and rhythms, peaks and troughs, and turning points separating them. Instead, both orthodox and heterodox conflate cycles with fluctuations after the definition of the subject by Robert Lucas and the rational expectations school. 
	An economy is always in flux. The system is locally stable inside the walls of a corridor between which the elasticities of demand and supply functions are within known bounds. The demands of global stability go beyond calculus into heavier technology. This approach to the theme could be attributed to Hyman Minsky who was unorthodox in analyzing the capitalist economy as a real-monetary-financial coupled system. Using the metaphor of modern physics or finance the economy is a vibrating string. The string can be stretched to breaking point resulting in rollercoaster comebacks. (The snapping of the string either in economics or physics would mean the end of the model world!). In addition, Minsky superimposed upon the constantly-perturbed economy a cycle that “happened’ again and again. Over a relatively tranquil period, debts are undertaken to produce goods and services and employ people. The monetary authorities are supportive. Over the stretch of a “great moderation”, conservative postures give way to undue risk taking, the central bank lowers defenses, and financial postures turn from hedge to speculative. To be sure, speculation founded on fundamentals is what drives economies. The speculation referred to here is driven by imagined futures. Speculation collapses into Ponzi finance, borrowing leading to further elaborate debt schemes with no intent to repay. A growing pyramidal financial structure standing wrong-side up must surely topple. In sum, Minsky’s model was non-equilibrium, non-market clearing, locally stable but globally unstable.                
	Recently, the concatenation of ideas has been brought under the rubric hysteresis (Palley 2023). The claim is that, in the history of ideas, the origin can be traced to Joan Robinson and Nicholas Kaldor and the Cambridge England School of the 1960s and 1970s.  Robinson strongly advocated historical time in the study of societies instead of non-equilibrium. Non-equilibrium was different from disequilibrium in that the former was undefined while the latter was defined in relation to equilibrium. Non-equilibrium is the same as flux in the previous paragraph. The definition of hysteresis is that a phenomenon moving in time can be irreversibly changed when it crosses a threshold. One-way hysteresis and two-way hysteresis have been distinguished. The first is the case of a regime change, the second is a reversion to the original regime in the event of crossing a different threshold, as in cycles. The different points of return are equilibria.    
	We salute Jump & Stockhammer’s (hereafter, J&S’s) admirable effort in proposing a unifying formal structure for the above concepts and then testing four well-known models against the mathematics. Our response is a constructive critique. J&S confine themselves to heterodox theories. However, even at a first glance, their first (section 3) and the last (section 6) models are orthodox. Secondly, J&S resort to the commonplace that orthodox business cycles are generated by exogenous shocks to tastes and technology whereas heterodox business cycles are endogenous. In the first place, even on orthodox turf, in a faceoff with Robert Lucas, Jean-Michel Grandmont, 1985, had a counter, “On Endogenous Competitive Business Cycles”. The fact that the former carried the day has to do more with the geopolitics of the spread of ideas than anything else. More importantly, and reverting to our earlier separating out of cycles as an independent field of enquiry, all the classical theories like those of FA Hayek and the Austrian school, were endogenous.   
	We scour some economic thought for enlightenment on the terms in the title of the paper in the next section. Armed with the insights, in sections 3 to 6 we walk in the tracks of the four models of the J&S paper rewriting and extending. A final section is a conclusion.
2. CYCLES AND FLUCTUATIONS IN ECONOMIC THOUGHT
The classic conflict on the use of the equilibrium method to analyze business cycles was the dispute between FA Hayek and A Lowe on the subject (Hagemann 2024). In the 1920s, European research adopted NBER methods in the US in depicting cycles as a complex of fluctuations in prices and quantities with leading, coinciding, and lagging indicators. Both Hayek and Lowe were joined in the conviction that theory must inform the movement of statistical aggregates. Lowe was a member of the Kiel group that held that cycles were a constituent of the long-term growth of economies and the two should, therefore, be examined jointly. For Hayek, an illustrious member of the Austrian school, the theory of money and the theory of capital must be integrated into the theory of the business cycle. Lowe stated his issue with the equilibrium method neatly. A general equilibrium is closed and exogenous shocks are required to perturb the system. Cycles, on the other hand, are out-of-equilibrium phenomena and must be addressed on different terms. Hayek conceded the artificiality and arbitrariness of generating cycles by introducing extraneous factors. The task then was to develop the equilibrium method to endogenize fluctuations. Money and credit were the potential culprits, according to him, that displaced the time path of a dynamic equilibrium. Cycles were a disequilibrium phenomenon. Lowe, on the other hand, held that if theory was illuminate real fluctuations, the notion of tendencies towards market clearing was a dead end. Cycles were generated by technical change and money and credit were, at best, superimpositions.               
	In the midst of the to and fro of theorems, a heretical idea originating with Schumpeter that was later to be embraced by the modern theory of the monetary circuit was the ‘loans make deposits’ proposition. Voiced by the banker LA Hahn and developed independently by HD Macleod, banks were theorized to be the manufactories of credit. Capital formation was the result of credit creation and not prior savings.     
	J&S propose a general algebraic setup to examine their theses but confine themselves to the predator-prey model. We are inspired, as a result, to not so confine ourselves but encompass J&S’s four models in the methodology of dynamical systems theory. Systems, expressed as difference or differential equations, can be linear or nonlinear. The constant solution of the dynamical equation is called the equilibrium point for the equation. The equilibrium solution is a source if nearby solutions tend away from it. It is a sink when nearby solutions tend towards it. A bifurcation occurs when the solutions change their behavior.     
	A special contributor to the literature on cycles in the context of pioneering systematic policy analysis was Jan Tinbergen (Dekker 2024). In addition, Tinbergen’s orientation towards policy was slanted by his membership of the Social-Democratic Labor Party and their Plan of Labor. His mathematics was, following John Neville Keynes, the art of economics in the service of policy. In the 1930s, he participated in debates in the Party about the coexistence of high wages, unemployment, public works and policy designed to lift the economy out of the depression. On cycles, Tinbergen was able to unearth an endogenous cycle in shipbuilding. He followed it up quickly with a study of cycles in agricultural commodities which knowledge could be used to stabilize prices. Thereafter, he addressed himself to the hard question whether the downturn was a fluctuation and an upturn to equilibrium could be expected. His answer was multiple equilibria, each of which could be stable. Thus, an economy could get stuck in an unemployment equilibrium he proposed, anticipating Keynes. Among the policy measures he offered which might seem inconsistent but which excite imaginations today were a) industrial policy targeted at cartel busting, b) state credits to support flagging production and demand, c) centralization of production to reap economies of scale especially among small and medium enterprises. The overall stance was not dissimilar to President Roosevelt’s New Deal which he cited enthusiastically. The upshot was the restoration of purchasing power to the unemployed. Tinbergen was skeptical of notions like the invariant structure of the economy but insisted that stabilization policies changed the structure of the economy. For instance, built-in public works altered investment relationships. Indeed, he held that policy models were less uncertain than “uninfluenced systems”.         
3. “3. The multiplier-accelerator model”
Among the chief features of the model is a disequilibrium adjustment mechanism. 
We drop autonomous expenditure from the J&S multiplier-accelerator model of (1) and (2) only to write down a two-by-two homogenous equation system. We are aware of the importance of that dimension in Post-Keynesian theory but matters arising from Sraffian supermultiplier theory, for instance, are not our concern here. In the notation of the authors we have
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Y is total output and K is the capital stock; c is the marginal propensity to consume and β is the marginal propensity to invest; v is the coefficient connecting the desired capital stock and income, and a is the disequilibrium adjustment parameter operating between aggregate demand and aggregate supply. A special solution of the differential equation is the constant solution [Y K] ≡ 0. This constant solution is called the equilibrium solution of the system. We state the following: c, β, v ≤ 1. The sign of α is considered below. 
A compendium of possible behaviors of the system is along the 4.1 Trace-Development Plane of Hirsch, Smale and Devaney (2004 61-64). The computation of T2 - 4D provides a comprehensive survey. Take the case T2 - 4D < 0. In that case the real parts of the eigenvalues of the coefficient matrix is T/2 and we have a 1. spiral sink if T < 0, 2. spiral source if T > 0, 3. center if T = 0.  With the assumptions of our model, T < 0 and the result is a spiral sink. The center neatly connects with the notion of economic equilibrium. T = 0 when a, v = 1 and 1- c = 0. Aggregate demand and supply are adjusted to each other as is the actual capital stock to the desired capital stock. Similar configurations follow when T2 - 4D > 0.  In our case, D > 0. With D > 0 and T < 0, the solution is a sink.  
A Roncaglia, 2023, does not classify the model as heterodox, albeit in the context of crises,   but claims that the algebra fits with the “marginalist theories of value” as fluctuations around a neoclassical equilibrium given by our center. The connection with our historical ruminations is a, the adjustment parameter in the path to market clearing.     
4. “4. The Goodwin model”
The model is described over equations (8) and (9) of J&S and consists of the following variables: the real wage, w; the employment rate, v; “output Y is determined by the existing capital stock K given at a fixed capital output ratio σ”. Labor is L, and labor productivity, a. The productivity of labor is assumed to grow at the rate α. The share of labor is denoted by u = w/a, and ρ is a positive coefficient. 
Implicitly, if v is the employment rate, we need an N as the total available workforce for v = L/N. The introduction is welcome for the incorporation of the “reserve army”. While the “working population grows at rate β”, we assume that the total labor force, N, grows at the rate η.  Corresponding with a, we must have a level of output given by a* = Y/N. The starred status of a will not be confused with the production possibility curve, or the potential level of output, or the full-employment level of output, in the absence of the requisite neoclassical background. The real wage Phillips curve, equation (8) (In order to keep our equations homogenous, and without any loss of generality, we drop the parameter for the secular, autonomous decline in wages, γ) and the proportionate growth rate of employment, equation (10), can be combined as follows,     
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	The algebra allows for both possibilities, the solution being a source, and the solution being a sink. Can history enlighten? One application is the ongoing debate over the dating and composition of the Great Divergence between the growth trajectories between Europe and Asia (Broadberry 2021). Apart from the capital-output ratio σ, a consensus is that the separation of paths dates from the eighteenth rather than the nineteenth century. The proximate causes are believed to lie in the growth of the labor force, β, increased labor effort, investment in human and physical capital. While the growth in total factor productivity (TFP) is common to all accounts, we have occasion to highlight the growth in the ‘productivity’ of capital, σ. Indeed, the eminent students of the past strongly advocate lessons that can be learnt for the present. Northwestern Europe surged ahead of the rest of Europe not by growing faster during periods of positive growth, but by reducing the frequency and rate of shrinking during periods of negative growth. Thus, while originating the process of growth is paramount, no less critical is ensuring that episodes of positive growth are not followed by episodes of negative growth. The capital-labor ratio, σa, or the organic composition of capital grew initially in the aftermath of the Black Death but little thereafter until after the 1830s. A primary thesis is that TFP growth drove growth in labor productivity, α. Physical and human capital deepening had a relatively limited impact on the productivity of labor.         
	The dynamics of growth was underpinned by the centralization of state power and the extension of state capacity. The movement of labor from agriculture, for instance, (an increase of u in the town driven by a fall in a in the countryside) could only be facilitated by the expectation of a higher wage, w, in industry; by the confidence that the rate of return on capital would match the capital-output ratio, σ. It was the job of the state to nurture a unified market and intervene on occasions of crises. The state was fiscally centralized and politically constrained. The former was required to assure the provision of public goods like education and transportation, the latter to ensure that the budget was prudent and did not crowd out private investment.                
	A related thesis for the US and OECD countries is that TFP growth has been indifferent from the 1970s (Block 2022). The reference supports our inclusion of both levels and change in productivity as well as the growth rate in employment, v, by considering production on the shop floor so to speak along with job-centered modifications to processes. The parameter ρ stands for class conflict at the workplace. The example provided is the ‘lean production’ model of Japan which was the counter to the engine of the American auto industry in the 1970s and 1980s. Just-in-time production enabled the Japanese product to employ fewer person hours per unit as a result of a far smaller scale of operation. A corollary of this empirical regularity is that the productivity of labor, in particular, has been falling.  
5. “5. The Minsky model”
 The Minsky model, as presented by J&S, is a nonlinear model and we will reproduce their exposition. The output, Y, to capital, K, ratio is denoted by y; the consumption, C, to capital ratio by c; the investment, I, to capital ratio by h. The rate of interest is i, the rate of profit is r, and the debt to capital ratio is d. The investment function is h = h(y, i, d). The profit share is assumed to be fixed and the notation used is r = çy. Consumption is equal to income, a standard assumption in models of this genre. That is, c = (1- ç)y. The equation for the motion of output is equation (18) reproduced below. 
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The budget equation for firms is equation (19).
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Here, D is the stock of debt, and s the retention rate of profits by firms. 
The second differential equation which can be derived from the definitions is the motion for debt appearing as equation (20).  
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For reflections on the nonlinear system (18) and (20), we resort to Chapter 7 of Hirsch et al., 2004. Let (y0, d0) be a particular solution of the system (18), (20). For each such point define the Jacobian matrix of the dynamical system (18), (20), at the point. Now consider the linear system       
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where the square matrix is the Jacobian matrix of the J&S system (18), (20). The only difference with equation (21) of J&S is that d is not starred to stand for the steady-state value of that variable. There is no reason not to assume that the battery of conditions justifying our transfer from (y, d) to (q, e) are not met. Chief among them is the assumption that (q0, e0) is ‘sufficiently small’. 
We entertain the inequality T2 - 4D > 0. There are two possibilities for the sign of D: a. (hy – c) < hd, and i < c. With D < 0, we have a saddle. The solution curves appear like rectangular hyperbolas tending to + ∞ or - ∞ in the four quadrants of the plane (Hirsch, Smale and Devaney 2004 39-41).  The x-axis is called the stable line as straight line solutions lie on it and tend to (0, 0) as t → ∞. The y-axis is called the unstable line as straight line solutions tend away from (0, 0) as t → ∞.  Condition a. recalls the runup to the financial meltdown in the US in 2007-2008. “Ultra-speculative” behavior was rampant propelled by ‘low’ interest rates (Roncaglia 2023). The “stable line” changed to the “unstable line” when the interest rate went into reverse.            
b. With the inequalities in a. reversed, the possibility emerges that D > 0. With T > 0, we have a source. 
A bifurcation occurs when the curve crosses the parabola T2 - 4D = 0. The notion of bifurcations can be finessed (Medio & Lines 2001). We take 1 + T + D > 0. A fold bifurcation is said to occur if 1 – T + D > 0, and a Neimark-Sacker bifurcation if 1 – D > 0. In this case, there is a Neimark-Sacker bifurcation.             
We can sharpen our discussion based on the connection d + s = 1. Investment plans will be laid by a combination of debt and retained earnings. We take the two ‘corner’ solutions for the sake of elucidation. 
Case 1: d = 1, s = 0; Capitalists rely exclusively on lines of credit with banks. All earned profits are disbursed to shareholders. We have T > 0, and D = 0. Once more, we have one eigenvalue. 
Case 2: d = 0, s = 1. All profits are ploughed back by capitalists to finance expansion plans. No recourse is taken to outside funding. Now, T2 - 4D < 0. With T > 0 and D > 0, our equilibrium is a spiral source.                      
	Minsky’s famous cycle running from hedge to speculative to Ponzi financing was driven by different proclivities of the same agents coming to the fore under different phases of the cycle. Preferences are not given. The demand for investment driven positively by changes in income is captured by the partial derivative, hy, in our model. Investment driven by debt, on the other hand, is represented by the partial derivative, hd, in the model. Debt-driven business cycles connect Minsky and stock-flow-consistent macroeconomics (Gross 2022). The national income accounting matrix consists of households/workers, firms, banks, along with the monetary and fiscal authorities, as column vectors. Of relevance here is the wide chasm between unremittingly rising financial wealth and the rate of growth in the creation of new assets in the USA, taking the net investment ratio to GDP as a proxy for the latter (Canuto 2021). One index of this divide is the fall in operating rates of return. Current capital income which is the sum of corporate profits, noncorporate business income, rent, and interest fell relative to assets. Rates of operating returns on non-interest-bearing assets also fell as the falling interest rates increased valuations. Investors also faced declining rates of operating returns on profits on corporate equity. Besides, the growing component of intangible assets in investment implies low multiplier-accelerator effects. The disjuncture between the upward valuation of existing assets and the rising ratio of household debt to GDP has occurred in conjunction with declining short-term and long-term interest rates. One explanation for low interest rates is the weakened position of the working class leading to limited upward pressure on wages during phases of low unemployment.  Explanations for the indifferent growth of new assets run the gamut of variations on the theme of secular stagnation, from technical change to the concentration of income. The implication of the latter is clear. The increase in the surplus accruing to finance means a fall in consumption. The dispensation is sustained by public debt. Increasing public debts widen the space to accumulate private financial wealth. Keynes and Minsky distinguished between fluctuations in investment as an earlier prime generator of fluctuations in output, and the emerging propensity to increase leverage as the instigator of erratic swings in activity. Increasing leverage may come up against a bifurcation. Stringent financial conditions will interact with deleveraging in a spiral. It is no surprise, then, that the IMF cautions that leverage is a double-edged sword. The evidence across a range of developed economies is of a vertical movement in the value of household assets relative to income over the last few cycles.       
6. “6. Momentum Trader Models”
Financial economics is the extension of Arrow-Debreu to future dates and states of the world. With the addition of concepts like Arrow securities, contingent contracts, and so on, the equilibrium is market clearing. Once more, the framework does not exclude the activity of bulls and bears, chartists and fundamentalists, fluctuating around the equilibrium point.       The model as framed by J&S is also nonlinear. Therefore, the formal steps taken above carry over. Denoting by df and dc the demand functions of fundamentalist and chartist traders respectively, we rewrite equations (23) and (24) in J&S as df = φ(v – p) and dc = χπ. The price in logs is p, v is the fundamental value of the asset, π is the chartist perception of price trends. The coefficients φ and χ are the responsiveness of fundamentalists and chartists to their information. The rate of change of the two state variables are displayed over equations (25) and (26). 
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Above, βp ≥ 0 and βπ is the speed of adjustment of chartists to deviations of actual price changes from their expectations of price changes. Putting it all together, the coupled differential equations are summarized in (26) and (27). 
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Following the steps of the previous section, we get
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We capture market clearing, T = 0, if chartists and fundamentalists collapse into the representative agent, or the responsiveness of chartists and fundamentalists to their information sets is identical, φ = χ, and the speed of adjustment of both is instantaneous, βp = βπ = 0 or ∞. If T < 0 and D > 0, the outcome is a sink. The negative trace would depend on the robust responsiveness of chartists to their data series, βpχ > 1. Also, it is sufficient that the chartist reaction parameter be greater than the fundamentalist reaction parameter, βπ.   If, on the other hand, βpχ < 1, chartist elasticities of response are weak, it is possible that T > 0 and the equilibrium is a source. From the Medio & Lines (2001) criterion above, the bifurcation is a fold bifurcation.        
	Chartists and fundamentalists look at financial markets in different ways. Each have their own models. There may or may not be a ‘true’ model. A long historical series of returns might provide illumination other than an ‘equilibrium’ model if players believe that ‘fundamentals’ are especially elusive in financial markets. The orthodox literature, which gave the distinction between the two types, holds that strong corrections to deviations from equilibrium is stabilizing overall. When elasticities of responses are weak, deviations from equilibrium may amplify.         
	Financial markets may be subjected to two-way hysteresis as defined in the Introduction. Traders may take less liquid positions in booms and more liquid positions in slumps. Asset prices will be high in a boom but may drop precipitously in a slump. The trigger would be the adoption of the high liquidity posture. Asset prices would stay subdued thereafter until the signs of recovery are spotted encouraging the adoption of less liquid portfolios. The duration of elevated and low prices can be protracted and disassociated from real activity.       
7. CONCLUSIONS
We follow the intent of J&C’s heterodox business cycle theory in offering a companion treatment of four models. We advocate a state space representation of the dynamics of the economies. Two of the models are market-clearing structures while two of the models are models of cycles. Modern representations are control theory models. The differential or difference equation (system) includes a state variable (vector) and a control variable (vector). Policy makes a natural entry with ‘automatic stabilizers’ or ‘built-in stabilizers’.        
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